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Abstract—The flow in a helical duct with rectangular cross-section is analyzed. A series solution based on curvature and torsion
is introduced. The components of the series are determined analytically using appropriate eigenfunction expansions. The resulting
solution is limited to flows in the low Dean number, low Germano number regime. An analytical friction factor relation is established
and compared with previous numerically determined correlations.  2001 Éditions scientifiques et médicales Elsevier SAS
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Nomenclature

Dh hydraulic diameter . . . . . . . . . . . . m
De Dean number
PH pitch of the helix . . . . . . . . . . . . . m
RH radius of the helix . . . . . . . . . . . . m
Re Reynolds number

U average velocity in a straight duct . . . . m·s−1

a height of cross section . . . . . . . . . . m
b width of cross section . . . . . . . . . . m
d coefficient in assumed stream function

solution
h scale factors of orthogonal curvilinear

coordinates
u axial velocity component . . . . . . . . m·s−1

Greek symbols

Λ aspect ratio of rectangular cross section
(height/width)

Φ angle of the helix
κ curvature
ρ density . . . . . . . . . . . . . . . . . . kg·m−3

τ torsion
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φ angle of rotation of the cross section
coordinate system

ψ cross sectional stream function . . . . . m2·s−1

Subscripts

C curved duct component
H helical duct component
S straight duct component
T torroidal duct component
W twisted duct component

Superscripts

′ single derivative
� averaged quantity
˘ rescaled quantitŷ unit vector˜ dimensional quantity

1. INTRODUCTION

During experimental studies on the production of
fine metal powders by electromagnetic vaporization, it
was found that the cooling of a levitating coil used to
produce an alternating magnetic field posed a significant
mechanical problem. The coil has a rectangular cross-
section to minimize the stacking space while maximizing
the levitating effect. The electric current used to levitate
an object within the helix causes extreme heating, so
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cooling fluid is pumped through the coil. The resulting
flow rate through such a coil was less than would be
expected for a straight duct of the same length.

According to reviews by references [1, 2], curved
tubes have higher heat transfer rates and friction factors
than equivalent straight ducts. These phenomena are the
result of increased mixing caused by the inducement
of secondary Dean-type flow due to curvature effects.
Torsion due to the non-planarity of a helix may slightly
enhance or significantly alter the circulation, depending
on its magnitude.

A large number of investigations into ducts with neg-
ligible torsion have been completed [1, 2]. The first ana-
lytical investigation, flow in a curved duct with a circular
cross-section, was performed by Dean [3]. While many
of the later studies involved more complicated geome-
tries and extensions to heat transfer characteristics, tor-
sion was either neglected or artificially introduced in an
effective radius parameter until more recently. One of
the first analytical studies to legitimately include the tor-
sion effect was performed by Wang [4]. His analysis used
a non-orthogonal coordinate system that complicated the
solution process. Germano [5] introduced an orthogonal
coordinate system that has become a standard for later
analyses, such as Germano [6], Tuttle [7], and Bolin-
der [8]. Imposing a rectangular cross-section on such a
duct complicates the analysis compared to a circular or
elliptical cross-section. Only numerical [8–10] and ex-
perimental solutions of flows in helical rectangular ducts
are presently available. Note that reference [8] begins an
analytical solution of the rectangular duct but determines
the actual components by finite volume methods. Only
first-order effects of torsion and curvature are included,
which do not allow friction factor results to be obtained
that are different from straight duct flow. The effect of
torsion on heat transfer characteristics, as investigated by
Bolinger and Sunden [11], are based on the flow field
analysis presented in Bolinger [8, 10].

In this paper the flow through a helical rectangular
duct is investigated. A series solution based on curva-
ture and torsion is introduced similar to Germano [5, 6],
Tuttle [7], and Bolinder [8]. The components of the se-
ries are determined using appropriate analytical eigen-
function expansions. This second-order method, which
is extensible to higher orders, allows the analytical pre-
diction of the increased pressure drop of a curved duct.
Comparisons are made with full-scale numerical models.
The solution is limited to low Dean and Germano number
flows and is useful when curvature (toroidal ducts), tor-
sion (twisted ducts), or both (helical ducts) are important.

2. PROBLEM FORMULATION

2.1. General equation of a helix

The duct being considered is a right handed helix as
shown in figure 1. The centerline of the helix (axis of
the duct) is written parametrically using the angle of the
helix, Φ , as

R(Φ)=RH cosΦêX +RH sinΦêY + PHΦêZ (1)

where the radius (RH), pitch (PH), and global coordinates
(XYZ) are given in figure 1, and ê is a unit direction
vector. The arclength is defined as dŝ ≡ (dR·dR)1/2,
thus

s̃ =Φ
(
R2

H + P 2
H

)1/2
(2)

where the tilde signifies a dimensional quantity where
needed to avoid ambiguity.

The Frenet formulas for a space curve define the
tangent (T̂ ≡ R′), normal (N̂ ≡ T̂

′
/κ̃), and binormal

(B̂ ≡ T̂ × N̂ ) directions. Here each prime (´ ) designates
a single derivative, the curvature κ̃ is defined by the
normal, and the torsion is defined as B̂

′ ≡ −τ̃N̂ . In
general κ̃ = (R′′·R′′)1/2 and τ̃ = (R′ × R′′·R′′′)/κ̃2. For
the regular helix in equation (1),

κ̃ = RH/
(
R2

H + P 2
H

)
and τ̃ = PH/

(
R2

H + P 2
H

)
(3)

The Frenet triad can then be rewritten using equations (2)
and (3) as

T̂ = [
κ̃
(− sinΦêX + cosΦêY

) + τ̃ êZ
](
R2

H + P 2
H

)1/2

N̂ = − cosΦêX − sinΦêY

B̂ = [
τ̃
(
sinΦêX − cosΦêY

) + κ̃ êZ
](
R2

H +P 2
H

)1/2 (4)

For any constant cross-section, the normal and binormal
vectors are oriented in the same direction with respect

Figure 1. Helical coordinate system.
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to the cross-section at any position along the centerline.
A discussion on the coordinate system for the duct cross-
section can be found in Appendix A.

2.2. Governing equations

Consider laminar incompressible flow through a heli-
cal duct of constant cross-section, neglecting buoyancy.
These assumptions uncouple the energy equation from
the momentum and continuity equations. Assume also
that the flow is time independent. The driving force for
the flow is a constant axial pressure gradient, p̃,̃s , where
( ),̃s ≡ ∂/∂s̃. The components of the velocity V in the
s̃, q̃ , r̃ , x̃ , and ỹ directions are denoted as ũ, ṽq , ṽr , ṽx ,
and ṽy , respectively. The hydraulic diameter is defined
based on the height and width (2a and 2b of figure 1,
respectively) of the cross section as Dh ≡ 4ab/(a + b).
The Reynolds, Dean, and Germano numbers are defined
with respect to the average of any axial velocity ũα and

the viscosity ν as Reα ≡ ¯̃uαDh/ν, Deα ≡ κ
1
2 Reα , and

Gnα ≡ τReα , respectively, where κ ≡ κ̃Dh and τ ≡ τ̃Dh.
All quantities are non-dimensionalized with the charac-
teristic length Dh, the characteristic velocity U (not yet
defined), or the characteristic pressure ρU2, where ρ

is the density. The pressure gradient term is defined as
G ≡ −Rep,s/ūS, where ūS is the average velocity in
a straight duct. For convenience Re, De, and Gn are as-
sumed to be defined with respect to U except where ex-
plicitly noted.

The gradient, divergence, and curl operators based
on orthogonal curvilinear coordinates ξ , and their scale
factors h are presented in Appendix B. The problem is
simplified further by considering flow far from either
end of the duct. In this region, all terms are assumed
axially invariant so that derivatives with respect to s

(except pressure) may be neglected. The cross-sectional
continuity equation is written in terms of the secondary
velocities as(

ω−1vx + τyu
)
,x

+ (
ω−1vy − τxu

)
,y

= 0

where ω≡ 1/(1−κx). This suggests a pseudo secondary
stream function

ωψ,y ≡ Re vx + Gnωyu and
(5)

−ωψ,x ≡ Re vy − Gnωxu

Now applying ψ from equation (5) to the momentum
equation in the s direction, we can write

ω−2∇2u= Reω−1p,s +ω−1u,xψ,y −ω−1u,yψ,x

− κuψ,y + κGnyu2 + Gnω−1yp,x

− Gnω−1xp,y − κ2u+ κω−1u,x

+ 2κτRe−1ω(yψ,xy − xψ,yy +ψ,x)

+ τ 2(2xyu,xy − 2u− x2u,yy − y2u,xx
)

+ τ∇2ψRe−1 + κτ 2ω
(
3xyu,y − 2y2u,x

)
− 3κ2τ 2ω2y2u+ 3κ2τRe−1ω2yψ,y (6)

where the harmonic and biharmonic operators in the
cross-section are ∇2 ≡ ∂2/∂x2 + ∂2/∂y2 and ∇4 ≡
∇2∇2. The other momentum equations are combined to
get

ω−1∇4ψ = [
(ψ,y − 2κ)∂/∂x − (ψ,x)∂/∂y

]
× [∇2ψ − Gn(yu,y + xu,x + 3u)

]
+ 4Gnω−1∇2u

+ Gnω−1(x∇2u,x + y∇2u,y
)

+ Gn(yu,y − xu,x)ψ,xy

+ Gn(xu,yψ,xx − yu,xψ,yy)

+ κGn
[
3x∇2u− 2(xu,xx + yu,xy + 2u,x)

]
+ 2Deω−1uu,y + O

(
κmτn|m+n�3

)
(7)

where higher-order terms are lumped together for conve-
nience. After solving equations (6) and (7), the secondary
velocities are backed out of equation (5). Equations (6)
and (7) are essentially the same governing equations used
by references [5–7], and [8]. Defining the cross-sectional
aspect ratio as Λ ≡ a/b allows the rectangular no-slip
boundary conditions to be imposed as

ψ,x = 0, ψ,y = 0 and u= 0 (8)

at x = ±(1 +Λ)/4Λ and y = ±(1 +Λ)/4.

3. SOLUTION TECHNIQUE

The axial velocity in equation (6) and the pseudo
stream function in equation (7) are coupled, complicating
a full analytical solution of these partial differential
equations. The method of successive approximations,
similar to references [4–8], and [12] is used to simplify
the analysis. The two nonlinear equations are converted
into a series of linearized equations which are solved
using known eigenfunction expansions, within the limits
of the approximation.
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3.1. Decomposition of the governing
equations

A loosely coiled and twisted duct with κ, τ � 1 is
considered such that higher-order terms of κ and τ will
vanish. Expanding the velocity, stream function, and
pressure into a series of increasing integer powers of the
curvature and torsion gives

χ = χ0 + κχκ + κ2χκ2 + · · ·
+ τχτ + κτχκτ + κ2τχκ2τ + · · ·
+ τ 2χτ 2 + κτ 2χκτ 2 + κ2τ 2χκ2τ 2 + · · ·

where χ represents u, ψ , vx , vy , and p in turn. The
expansions are substituted into the governing equations,
and terms with the same powers of κ and τ are collected
into separate equations. The first term in each expansion
corresponds to flow in a straight duct with the same
cross-section, so the zeroth-order cross-flow terms are
identically zero.

From the resulting equations, it becomes convenient
to rescale higher-order terms with increasing powers of
the Reynolds number in a straight duct as

χ̆κmτn ≡ χκmτn/Re2m+n
S

where ˘ represents a rescaled quantity. This allows all
rescaled components to be represented in decreasing
Reynolds number notation as

χ̆κmτn = χ̆κmτna + Re−2
S χ̆κmτnb

+ Re−4
S χ̆κmτnc + · · ·

so that the individual equations may be solved indepen-
dently of the Reynolds number.

For convenience all terms are written in the rescaled
form from now on and the new notation is neglected. The
rescaled expansions may thus be written as

χ = χS + De2
Sχκ + De4

Sχκ2 + · · ·
+ GnSχτ + De2

SGnSχκτ + De4
SGnSχκ2τ + · · ·

+ Gn2
Sχτ 2 + De2

SGn2
Sχκτ 2 + De4

SGn2
Sχκ2τ 2 + · · ·

where uS = u0ūS. Higher-order terms must have a de-
creasing effect on the flow for the series to converge,
which is true for low Dean and Germano number flows.
Increasing either requires an increased number of terms
to accurately approximate the solution.

It becomes convenient to remap the equations into
the square − 1

2 � x � 1
2 and − 1

2 � y � 1
2 . The rescaled

biharmonic and harmonic-type operators become

∇̆4 ≡Λ4 ∂4

∂x4
+ 2Λ2 ∂2

∂x2

∂2

∂y2
+ ∂4

∂y4

∇̆2 ≡Λ2 ∂2

∂x2 + ∂2

∂y2

(9)

The linearized equations are given below, up to second
order.

ψ0 ≡ 0

∇̆4ψκ = 1

4
(1 +Λ)3u0u0,y

∇̆4ψτ = −1

4
(1 +Λ)4G

∇̆4ψκ2
a

=Λ
(
ψκ,y∇̆2ψκ,x −ψκ,x∇̆2ψκ,y

)
+ 1

4
(1 +Λ)3(u0uκa,y + uκau0,y)

∇̆4ψκ2
b

= −Λ(1 +Λ)∇̆2ψκ,x

+ 1

4
(1 +Λ)3(u0uκb,y + uκbu0,y)

∇̆4ψκτa =Λ
(
ψκ,y∇̆2ψτ,x −ψκ,x∇̆2ψτ,y

+ψτ,y∇̆2ψκ,x −ψτ,x∇̆2ψκ,y

)
+ 1

4
(1 +Λ)3(u0uτ,y + uτu0,y)

−Λ
[
1 − 1

4
(1 +Λ)2

](
u0,xψκ,y − u0,yψκ,x

)
∇̆4ψκτ b =Λ(1 +Λ)

{[
Λ2 + 3

4
(1 +Λ)2

]
u0,x

− ∇̆2ψτ,x

}

+
[

1

8
Λ(1 +Λ)3

]{
xu0,xx + yu0,xy

−
[

1 + 7

4
Λ−2(1 +Λ)2

]
Gx

}

∇̆4ψτ 2 =Λ

{
ψτ,y∇̆2ψτ,x −ψτ,x∇̆2ψτ,y

−
[

1 − 1

4
(1 +Λ)2

]
(u0,xψτ,y − u0,yψτ,x)

}

∇̆2u0 = −1

4
(1 +Λ)2G

∇̆2uκa =Λ(u0,xψκ,y − u0,yψκ,x)

∇̆2uκb = 1

2
Λ(1 +Λ)u0,x − 1

8
Λ−1(1 +Λ)3Gx

∇̆2uτ =Λ(u0,xψτ,y − u0,yψτ,x)

∇̆2uκ2
a
=Λ(u0,xψκ2

a ,y
− u0,yψκ2

a ,x
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+ uκa,xψκ,y − uκa,yψκ,x)

∇̆2uκ2
b
=Λ(u0,xψκ2

b ,y
− u0,yψκ2

b ,x

+ uκb,xψκ,y − uκb,yψκ,x)

+ 1

2
Λ(1 +Λ)

(
uκa,x − u0ψκ,y +Λ−2x∇̆2uκa

)
∇̆2uκ2

c
= − 1

16
Λ−2(1 +Λ)4Gx2

+ 1

4
(1 +Λ)2(xu0,x − u0)

+ 1

2
Λ(1 +Λ)uκb,x

∇̆2uκτ a =Λ(u0,xψκτ a,y − u0,yψκτ a,x + uκa,xψτ,y

− uκa,yψτ,x + uτ,xψκ,y − uτ,yψκ,x)

∇̆2uκτ b =Λ(u0,xψκτ b,y − u0,yψκτ b,x

+ uκb,xψτ,y − uκb,yψτ,x)

+ 1

2
Λ(1 +Λ)

(
uτ,x − u0ψτ,y +Λ−2x∇̆2uτ

)
+ ∇̆2ψκ + x∇̆2ψκ,x + y∇̆2ψκ,y

∇̆2uτ 2
a

=Λ(u0,xψτ 2,y − u0,yψτ 2,x

+ uτ,xψτ,y − uτ,yψτ,x)

∇̆2uτ 2
b

= 1

4
(1 +Λ)2

(
xyu0,xy −Λ2y2u0,xx − 2xu0,x

− 2yu0,y − 2u0 −Λ−2x2u0,yy
)

+ 1

16
(1 +Λ)4G

(
Λ−2x2 + y2)

+ ∇̆2ψτ + x∇̆2ψτ,x + y∇̆2ψτ,y (10)

The boundary conditions of equation (8) are now im-
posed at x or y = ± 1

2 . For many flows of interest,
Re2

S � 1 may be assumed without significant loss of ac-
curacy [12]. If this assumption is made the analysis is
simplified by eliminating all b and c terms, and the
Reynolds number is removed as a direct parameter of the

solution. For the results presented within, however, these
lower-order terms are included as well.

3.2. Analytical solution of the
individual components of the
velocity

The velocity through a straight rectangular duct is
given by reference [13] as

uS = ūS
(1 +Λ)2G

π3

×
∞∑

k=1,3,5

(−1)(k−1)/2

k3

(
1 − coshkπy/Λ

coshkπ/2Λ

)
coskπx

(11)

Equation (11) is introduced into the dimensionless pres-
sure gradient definition to give

G(Λ)=
[
(1 +Λ)2

(
1

48
− 4Λ

π5

∞∑
k=1,3,5

tanhkπ/2Λ

k5

)]−1

(12)
Equation (12) converges rapidly except for large values
of Λ. Since this velocity profile is symmetric, in practice
G(Λ) is found with fewer terms for Λ > 1 by using
G(Λ)=G(1/Λ).

Biharmonic equations in a square are solved using
C and S functions as given by Harris and Reid [14]
and Reid and Harris [15]. Harmonic equations in a
square are solved using cosk and sink . A summary of
these functions, their properties, and their eigenvalues
(λ,µ,γ, η) are given in table I. Note that z, t , and σ

are arbitrary functions, coordinates, and eigenvalues; and
the superscript iv represents the fourth derivative with
respect to t . Each eigenfunction pair defines a complete
orthogonal set over the region − 1

2 � t � 1
2 . The solutions

of the individual equations are shown below in tensor

TABLE I
Eigenfunctions of the solution (k = 1 . . .∞).

Eigenfunction Equation Condition(s) Polarity Eigenvalue
satisfied at t = ±1/2

Ck(t)= coshλk t
coshλk/2 − cosλk t

cosλk/2 ziv = σ 4z(t) z= z′ = 0 Even tanhλk/2 + tanλk/2 = 0

Sk(t)= sinhµkt
sinhµk/2 − sinµkt

sinµk/2 ziv = σ 4z(t) z= z′ = 0 Odd cothµk/2 − cotµk/2 = 0

cosk(t)= cosγkt z′′ = −σ 2z(t) z= 0 Even γk = (2k − 1)π
sink(t)= sinηkt z′′ = −σ 2z(t) z= 0 Odd ηk = 2kπ
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notation (repeated indices imply summation). The terms
are always even or odd in x and y , so only one set of
coefficients, D or d, is required for each term.

ψκ = (dκ )ijCi (x)Sj (y)

ψτ = (dτ )ijCi (x)Cj (y)

ψκ2
a
= (dκ2

a
)ijSi (x)Sj (y)

ψκ2
b
= (dκ2

b
)ijSi (x)Sj (y)

ψκτ a = (dκτ a)ijSi (x)Cj (y)

ψκτ b = (dκτ b)ijSi (x)Cj (y)

ψτ 2 = (dτ 2)ijSi (x)Sj (y)

u0 = (D0)ij cosi (x) cosj (y)

uκa = (Dκa)ij sini (x) cosj (y)

uκb = (Dκb)ij sini (x) cosj (y)

uτ = (Dτ )ij sini (x) sinj (y)

uκ2
a
= (Dκ2

a
)ij cosi (x) cosj (y)

uκ2
b
= (Dκ2

b
)ij cosi (x) cosj (y)

uκ2
c
= (Dκ2

c
)ij cosi (x) cosj (y)

uκτa = (Dκτa)ij cosi (x) sinj (y)

uκτb = (Dκτb)ij cosi (x) sinj (y)

uτ 2
a

= (Dτ 2
a
)ij cosi (x) cosj (y)

uτ 2
b

= (Dτ 2
b
)ij cosi (x) cosj (y) (13)

The solution requires the calculation of the individual
constants. The linear operator in equation (10) is applied
on the assumed form of the solutions in equation (13).
Taking the inner product and integrating over the square
forms the operator L and causes the orthogonal terms to
drop out. Thus the harmonic operators are of the form

Lcos sin =Λ2 〈
cos′′i cosk

〉 〈sinj sinl〉
+ 〈cosi cosk〉

〈
sin′′

j sinl
〉

(14)

where 〈z(t)〉 ≡ ∫ +1/2
−1/2 z(t)dt . These are inverted so that

each term is found as(
L−1

cos sin

)
ijkl

= −4δikδjl/
(
Λ2γ 2

i + η2
j

)
where δ is the Kronecker delta. The harmonic coefficients
(D) are solved directly. However the biharmonic opera-
tors, which are of the form

LCS =Λ4〈C iv
i Ck

〉〈SjSl〉 + 2Λ2〈C ′′
i Ck

〉〈
S ′′
jSl

〉
+ 〈C iCk〉

〈
Siv
j Sl

〉
(15)

have second derivative terms that are not orthogonal to
each other. The biharmonic coefficients (d) are coupled
due to the coupled inversion of this operator.

The solutions of the first-order coefficients are shown
below in tensor notation.

(dκ)ij = (
L−1

CS

)
ijkl

1

4
(1 +Λ)3(D0)mn(D0)op

× 〈cosm coso Ck〉
〈
cosn cos′

p S l

〉
(dτ )ij = (

L−1
CC

)
ijkl

(
−1

4

)
(1 +Λ)4G 〈Ck〉 〈Cl〉

(D0)ij = (
L−1

cos cos

)
ijkl

(
−1

4

)
(1 +Λ)2G 〈cosk〉 〈cosl〉

(Dκa)ij = (
L−1

sin cos

)
ijkl
Λ(D0)mn(dκ )op

× (〈
cos′

mCo sink
〉 〈

cosn S′
p cosl

〉
− 〈

cosmC′
o sink

〉 〈
cos′n Sp cosl

〉)
(Dκb)ij = (

L−1
sin cos

)
ijkl

[
1

2
Λ(1 +Λ)(D0)mn

× 〈
cos′

m sink
〉 〈cosn cosl〉

− 1

8
Λ−1(1 +Λ)3G 〈t sink(t)〉 〈cosl〉

]
(Dτ )ij = (

L−1
sin sin

)
ijkl
Λ(D0)mn(dτ )op

× (〈
cos′

mCo sink
〉 〈

cosnC′
p sinl

〉
− 〈

cosmC′
o sink

〉 〈
cos′nCp sinl

〉)
The solutions to the second-order coefficients and the
analytical integrations required by the solutions are given
in reference [12].

Notice that an alternative, two eigenvalue expansion
is given in equation (13) for u0 so that it is of the
same form as the higher-order velocity expansions. For
a calculation performed to first-order accuracy only, this
increases the complexity of the calculation compared
to using equation (11). For solutions including second-
order terms, the overall complexity is decreased by
reducing the number of distinct integrations that need
to be calculated. For a practical problem, only consider
a finite number of terms (M ×N ) in the biharmonic
equations (e.g., the first 10×10 eigenvalues) so that the
linear operators may be inverted. In this case the four
MN ×MN matrices are inverted using a standard LU
decomposition/back substitution algorithm similar to that
described by Press et al. [16].

Average velocities are determined as ūα = 〈〈uα〉〉.
Only even components contribute to the average, so no
first-order change in pressure drop is expected. However,
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numerous investigations [1, 2, 17–19] have determined
that the pressure drop does increase. A second-order
approximation, at least, is required to predict an increase.
The average velocity is

ū= 4
∑
k,l

(−1)k+lγ−1
k γ−1

l

× [
ūSD0 + De4(Dκ2

a
+ Re−2Dκ2

b
+ Re−4Dκ2

c

)
+ Gn2(Dτ 2

a
+ Re−2Dτ 2

b

)]
kl

(16)

which may be rewritten (up to second order) as

ūH = ūT + ūW − ūS.

4. RESULTS AND DISCUSSION

4.1. Velocity results

Vector and contour plots are shown for secondary
and axial velocity components, respectively, for the case
Λ = 0.5 and for various values of De and Gn in figure 2
(with ūs = 1). Note that the outer wall is to the left.

The first-order cross-sectional flow due to curvature
is similar to the two cell recirculating pattern determined
by Dean [3] for a circular toroidal duct. Centrifugal forces
cause the fluid to flow toward the outer wall in the vertical
center of the cross-section. In order to satisfy continuity
within the cross-section, fluid flows back toward the
inside along the upper and lower walls. Near the walls,
the difference in boundary conditions (rectangular versus
circular) causes the shape to vary from Dean’s profile
as expected. The first-order components are identical
to the results obtained by Bolinder’s [8] finite volume
solution. Pseudo stream functions of the second-order

components are similar to corresponding elliptical results
from reference [7] away from the walls, with boundaries
producing the expected effects. Note the ‘pseudo’ stream
functions are actual stream functions only for the pure
curvature components, as discussed by Bolinder [8].

The second-order curvature components (vκ2 ) push
the overall secondary velocity profile toward the outer
walls, except at very small Re. The distance moved
increases for smaller aspect ratios and larger De. The
larger secondary velocities are concentrated near the
outside wall, resulting in increased mixing compared to
the inside wall, as seen in figure 2 (c) and (g).

At very low De and Gn, the axial velocity in a helical
duct resembles that in a straight duct. At higher De the
axial velocity profile is shifted toward the outside wall
by the secondary flow, as in figure 2 (d) and (h). The
general effect of τ is to twist the axial velocity profile,
as in figure 2 (f) and (h). Larger values of Gn result in a
greater twist.

The average velocities are shown in table II for
selected cross-sectional aspect ratios. Taking the zeroth
and first-order solutions alone, no negative axial velocity
contours are predicted for De < 100. However, when
including the second-order velocity effects as well, some
negative contours appear at larger De in this range.
Obviously the prediction of axial back flow, even in small
regions of the cross-section, suggests the need for higher-
order solutions in this regime. As an indication of the
limiting range of the current solution, the Dean numbers
above which an average back flow is predicted are
calculated and shown in table III. Clearly the notion of
an average axial back flow occurring in a flow generated
by a favorable pressure gradient is unrealistic. In general
the second-order solution is limited to De about half of
this value or less.

Figure 2. Secondary flow (a, c, e, g) and axial velocity (b, d, f, h), Λ = 0.5 and κ = 0.1. (a, b) De = 20, Gn = 0; (c, d ) De = 35, Gn = 0;
(e, f ) De = 20, Gn = 50; (g,h) De = 35, Gn = 50.
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TABLE II
Average axial velocities.

Λ ū0 ūκa ūκb ūτ ūκ2
a

ūκ2
b

ūκ2
c

ūκτa ūκτb ūτ2
a

ūτ2
b

1/5 1 0 0 0 −2.10 e −9 −1.34 e −5 5.89 e −1 0 0 −5.93 e −8 −1.07 e −0
1/2 1 0 0 0 −3.90 e −8 −7.51 e −5 1.09 e −1 0 0 −7.84 e −8 −1.72 e −1
3/4 1 0 0 0 −1.08 e −7 −1.53 e −4 5.42 e −2 0 0 −3.11 e −8 −7.59 e −2
1 1 0 0 0 −1.55 e −7 −2.21 e −4 3.40 e −2 0 0 −5.65 e −8 −5.63 e −2

4/3 1 0 0 0 −1.42 e −7 −2.60 e −4 2.23 e −2 0 0 −3.11 e −8 −7.59 e −2
2 1 0 0 0 −4.73 e −8 −2.06 e −4 1.35 e −2 0 0 −7.84 e −8 −1.72 e −1
5 1 0 0 0 −1.17 e −9 −5.55 e −5 6.85 e −3 0 0 −5.93 e −8 −1.07 e −0

TABLE III
‘Stagnation’ Dean numbers (solution limited to De < 0.5Destagnation).

κ 0.001 0.001 0.001 0.01 0.01 0.01 0.1 0.1 0.1
Gn 250 1000 4000 250 1000 4000 250 1000 4000

Λ

1/5 147.5 143.4 126.5 146.3 116.9 185.6 88.1 171.4 272.3
1/2 71.0 69.0 57.3 70.6 52.9 84.0 65.4 77.5 123.3
3/4 55.1 54.4 42.2 54.9 49.7 61.9 51.9 57.0 90.8
1 50.4 49.4 37.8 50.1 45.6 55.5 47.6 51.1 81.3

4/3 51.4 50.7 40.3 51.2 45.2 59.1 47.6 54.4 86.6
2 67.7 65.7 55.4 67.1 51.2 81.3 60.3 74.8 119.2
5 170.7 166.6 139.4 169.1 128.6 204.5 87.0 187.2 299.1

4.2. Friction factor results

The Fanning friction factor is defined as

f ≡ −(p̃,s̃Dh)/
(
2ρ ¯̃u2)

The effect of torsion on f is difficult to compare with
previous work, but results for toroidal effects are more
readily obtainable. Comparisons can be made with ref-
erence [17] for a square cross-section and with [18] for
a general rectangular cross-section. The ratio of the fric-
tion factor of the curved duct compared to a straight duct
of the same cross-section is found from the change in
flow rates. From equation (16)

(fRe)C
(fRe)S

= ūS/
(
ūS + De4

S

(
ūκ2

a
+ Re−2

S ūκ2
b
+ Re−4

S ūκ2
c

)
+ Gn2

S

(
ūτ 2

a
+ Re−2

S ūτ 2
b

))
(17)

where C is a curved duct property and the average
velocities are taken from table II.

At this point, the choice of the characteristic velocity
is discussed. Bolinder [8] defines the characteristic veloc-
ity as U ≡ ν/Dh (which is effectively what is done here
and by reference [6] for the secondary velocities only).

The disadvantage of this approach is that the Reynolds
number does not appear in the governing equations. The
average velocity is related back to an artificially defined
Reynolds number (and both are defined to be on the or-
der of one). This approach is only successful when the
approximation is limited to first-order terms (which do
not contribute to the average axial velocity). Most analyt-
ical approaches define U ≡ ¯̃uS, which sets the numerator
in equation (17) to one, or

(fRe)C
(fRe)S

= 1/
(
1 + De4

S

(
ūκ2

a
+ Re−2

S ūκ2
b
+ Re−4

S ūκ2
c

)
+ Gn2

S

(
ūτ 2

a
+ Re−2

S ūτ 2
b

))
(18)

Alternatively, the characteristic velocity could be defined
as U ≡ ¯̃uC, which sets the denominator in equation (17)
to one. Solving the denominator for ūS and substituting
back gives

(fRe)C
(fRe)S

= 1 − De4
S

(
ūκ2

a
+ Re−2

S ūκ2
b
+ Re−4

S ūκ2
c

)
− Gn2

S

(
ūτ 2

a
+ Re−2

S ūτ 2
b

)
(19)

which is equivalent to the first two terms in a series
expansion of equation (18). Notice that equations (18)
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and (19) both depend on ReS. Rewrite either, say equa-
tion (19), based solely on ReC to get

(fRe)C
(fRe)S

= 1 −
[
(fRe)C
(fRe)S

]4

De4
Cūκ2

a

−
[
(fRe)C
(fRe)S

]2(
De2

Cκūκ2
b
+ Gn2

Cūτ 2
a

)
− κ2ūκ2

c
− τ 2ūτ 2

b
(20)

This requires finding the smallest positive real root of the
fourth-order polynomial at every value of ReC, κ , and τ .
Equations (18)–(20) give identical results at very small
Re. However equation (18) and especially equation (20)
diverge more quickly than equation (19), which is used
here. Also, equation (20) usually fails to produce any
positive real roots for De > 0.5Destagnation.

Cheng et al. [18] solved fully-developed rectangular
toroidal flow using a finite difference approach. Using the
results from multiple runs, varying the curvature and the
Reynold’s number, they assumed a correlation equation
and determined the coefficients using the least square
method. Bolinder [17] solved fully-developed square
helical flow using a finite volume approach. Re, κ , and
τ were varied, and a correlation equation based solely on
De (for small to moderate κ and τ ) was obtained.

Figure 3 shows comparisons between the friction fac-
tor using the toroidal components of the current numer-
ical solution and Cheng et al. and Bolinder’s numeri-
cally determined correlations. Note that the symbols in
figure 3, as well as those in figures 4 and 5, do not rep-
resent data, but rather indicate the particular value of Λ
for each curve. The assumed form of Cheng et al. corre-
lation causes the ratio of the friction factors to become
unstable for small De. The stable solutions are obtained
for limited Dean number intervals. They found that only
for helical ducts of small torsion their solution was sta-

Figure 3. Friction factor ratio of toroidal ducts (Gn = 0).
Current solution ——, Cheng et al. [18] correlation · – · –,
Bolinder’s [8] correlation – – –, Λ = 5 ◦, Λ = 2 +, Λ = 1 ×+,
Λ= 0.5 ×, Λ= 0.2 •.

ble. For larger De, their correlation equation is better
matched to their actual finite difference solutions. There-
fore, for low Dean numbers the current solution provides
a better approximation than Cheng et al. correlation. For
De > 0.5Destagnation, the current solution begins to devi-
ate greatly from Cheng et al. correlation due to the trun-
cation of the series after two terms. Bolinder’s correla-
tion (for Λ = 1) is assumed accurate throughout this re-
gion. An increased number of terms in the current so-
lution would allow a Padé approximation of the series,
which might lead to accurate friction factor predictions
in a larger range of Dean numbers.

Friction factor results for ducts with torsion parameter
greater than zero (i.e., true helical ducts) are shown in
figure 4 for several aspect ratios. This figure shows the
importance of curvature as a separate parameter (from the
Dean number) on the friction factor. This is an indication
of the importance of the b and c terms of the aspect
ratio, Λ, in the expansion. For a square cross-section,
the effects are small and can be neglected for small
values of κ . Bolinder and Cheng et al. did this in their
correlations. For large aspect ratios, curvature effects are
important at large De only. However for small aspect
ratios curvature effects are important at small De only.

Figure 4. Friction factor ratio of helical ducts (Gn = 0). κ =
0.01 ——, κ = 0.1 – – –, Λ= 5 ◦, Λ= 2 +, Λ= 1 ×+, Λ= 0.5 ×,
Λ= 0.2 •.

Figure 5. Friction factor ratio of twisted ducts (De = 0). τ =
0.01 ——; τ = 0.1 – – –; Λ= 5,0.2 ◦; Λ= 2,0.5 +; Λ= 1 ×+.
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Friction factor results for twisted ducts are shown
in figure 5. The importance of torsion as a separate
parameter (from the Germano number) is investigated.
For a square cross-section with small τ , the friction factor
can be approximated as a function of Gn only. For ducts
with large or small aspect ratios (far from one) τ becomes
an important separate parameter at any value of Gn.

Helical friction factors are found by combining toroi-
dal and twisted factors as

(fRe)H
(fRe)S

= (fRe)T
(fRe)S

+ (fRe)W
(fRe)S

− 1 (21)

(for a second-order expansion). As seen in figures 4
and 5, the friction factor increases much more quickly
with De than Gn. For ‘traditional’ helical ducts, τ is at
most on the same order of magnitude as κ1/2 (usually
much less), so De is much more important than Gn in
determining the friction factor. Thus, the torsional effects
are often ignored entirely when calculating the friction
factor for a helical duct.

4.3. Error in eigenfunction series
truncation

Tests were performed to estimate the error in the
truncation of the eigenfunction expansions. Figure 6
shows the maximum relative error for a square duct us-
ing M ×M coefficients compared to the ‘exact’ 40 ×
40 coefficient solution. The error decreases as approx-
imately M−4 for these cases. For non-square cross-
sections, M ×N coefficients are recommended where
N ≈ MΛ1/2 and MN ≈ M2

square for the same order of
accuracy.

Figure 6. Relative error in solution of velocity components of a
square duct (Λ= 1). PSOR finite difference solution – – – (using
an M+1 ×M+1 mesh) and eigenfunction solution —— (using
M ×M coefficients): u0 ×+, ψκ •, uκa ◦.

Comparison results are included from a point-succes-
sive over-relaxation (PSOR) finite difference solution of
the components (similar to Hoffmann and Chiang [20]).
A second-order central-difference scheme was used
throughout an (M + 1)× (M + 1) mesh. The maximum
relative error (again compared to the ‘exact’ 40 × 40
eigenfunction solution) decreases almost exactly asM−2,
as expected. To achieve the same approximate accuracy
as a 10×10 eigenfunction expansion, an 801×801 finite
difference mesh would be required.

Not only is the eigenfunction solution more accurate
than the PSOR solution of the individual terms, it is also
easier to calculate. A 10 × 10 eigenfunction solution re-
quires approximately 4 seconds on a Sparc 10 for a com-
plete second-order solution of all 18 equations. Higher-
order solutions only require O(M3N +MN3) additional
computational steps since the four biharmonic operators,
which require O(M3N3) steps to invert, are already com-
puted. The time for the finite difference solution, on the
other hand, increases significantly since each individual
component (χκmτnα ) requires an additional solution.

5. CONCLUSIONS

The axially-invariant time-independent laminar flow
through curved ducts is calculated using eigenfunction
expansions. Analytical forms of the required integrations
are given. The rectangular velocity profile is similar to
that for an elliptical cross-section (up to second order)
except near the boundary where the expected results are
obtained.

Since the first-order pressure drop is identically zero,
at least a second-order analysis is required to predict the
increase in the pressure drop of a curved duct. Analytical
forms of the friction factor ratio are given based either
on the average velocity in a straight or curved duct. The
forms match previous correlations well for low Dean and
Germano number flows but deviate at higher Dean and
Germano numbers. Higher-order solutions are readily
obtainable by the same methods. However since the
expansion depends on the Reynolds number, the accuracy
cannot be improved indefinitely.

Torsion has little effect on the friction factor for ‘tradi-
tional’ helical ducts but cannot be neglected for more ex-
treme helical or twisted ducts (τ � κ). Moreover, the ve-
locity profile is significantly altered even at low to mod-
erate values of torsion, though not in an averaged sense.
Thus torsion affects the heat transfer characteristics of
many helical ducts even when it negligibly affects the
friction factor.
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APPENDIX A: COORDINATE SYSTEM FOR
THE DUCT CROSS-SECTION

For any helical duct an appropriate cross-sectional co-
ordinate system must be determined. The intuitive choice
is the ‘generic’ coordinate system used by reference [4].
The magnitudes in the normal and binormal directions
are x̃ and ỹ . Any position P in the plane of the cross-
section can be related to the global origin as Q = R +P ,
or

Q = R(s̃)+ x̃N̂(s̃)+ ỹB̂(s̃)

The metric of the generic coordinate system is found by
taking the inner product as

dQ·dQ = dx̃2 + dỹ2

+ ds̃2(1 − 2κ̃x̃ + κ̃2x̃2 + τ̃ 2x̃2 + τ̃ 2ỹ2)
− dx̃ ds̃(2τ̃ ỹ)+ dỹ ds̃(2τ̃ x̃).

It is seen from the cross-terms (dx̃ ds̃ and dỹ ds̃) that this
system is non-orthogonal.

To avoid the difficulties inherent in using a non-
orthogonal system, consider Germano’s [5, 6] helical
coordinates. The q̃–r̃ axes rotate through a prescribed
angle (φ(s̃) ≡ − ∫ s̃

0 τ̃ (s̃
∗)ds̃∗) about T̂ as Φ increases.

For a helix, τ̃ is constant and φ0 ≡ 0, so

φ = −τ̃ s̃ = −ΦPH/
(
R2

H + P 2
H

)1/2 (A.1)

Relating any point in the plane normal to T̂ to the global
coordinate system gives

Q = R(s̃)+ [
q̃ cosφ(s̃)− r̃ sinφ(s̃)

]
N̂(s̃)

+ [
r̃ cosφ(s̃)+ q̃ sinφ(s̃)

]
B̂(s̃)

which results in the orthogonal metric (evident by the
lack of any cross-terms)

dQ·dQ = dq̃2 + dr̃2 + ds̃2(1 − κ̃ q̃ cosφ + κ̃ r̃ sinφ
)2

(A.2)

The usual form of the momentum and continuity equa-
tions assumes orthogonal curvilinear coordinates. Thus
the helical system equation (A.2) is used in this paper.

APPENDIX B: THE GRADIENT,
DIVERGENCE, AND CURL OPERATIONS

Let the general curvilinear system (ξ1, ξ2, ξ3) be
related to a cartesian system (x , y , z) so that the element
of arc length ds is given by
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(ds)2 = (dx)2 + (dy)2 + (dz)2

= (h1 dξ1)
2 + (h2 dξ2)

2 + (h3 dξ3)
2

which defines the factors hi . Note that hi in general will
be functions of the new coordinates ξi . Then, in the new
system, the components of the gradient of a scalar Ψ are

∇Ψ =
(

1

h1

∂Ψ

∂ξ1
,

1

h2

∂Ψ

∂ξ2
,

1

h3

∂Ψ

∂ξ3

)
(B.1)

The divergence of any vector A = (A1,A2,A3) is
given by

∇·A = 1

h1h2h3

[
∂

∂ξ1
(h2h3A1),

∂

∂ξ2
(h3h1A2),

∂

∂ξ3
(h1h2A3)

]
(B.2)

and the components of the vector B = ∇ × A are given
by

B1 = 1

h2h3

[
∂

∂ξ2
(h3A3)− ∂

∂ξ3
(h2A2)

]
(B.3)

with similar expressions for B2 and B3.

Equations (B.1)–(B.3) are sufficient to derive the
equations of motion in the new coordinate system ξi .
From the metric of the helical coordinate system of
figure 1, the following terms apply:

ξ1 = s, ξ2 = q, ξ3 = r

h1 = 1 − κq cosφ + κr sinφ

h2 = 1, h3 = 1
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